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Abstract: We show that every rationally sampled dilation-and-modulation
system is unitarily equivalent with a multi-window Gabor system. As a conse-
quence, frame theoretical results from Gabor analysis can be directly transferred
to dilation-and-modulation systems.
1 Introduction
In a recent series of papers [2–5], so-called modulation-and-dilation systems (defined below)
have been suggested as a way to analyze causal time signals in the space L2(R+) of square
integrable functions defined on the positive real half-line R+. We will show by a non-standard
“change of variable”-trick that the theory of dilation-and-modulation systems in L2(R+) is a
variant of the well-studied time-frequency systems considered in Gabor analysis in L2(R).
Let a, b > 1. We say that a function f on R or R+ is b-dilation periodic if f(·) = f(b·) and
define a sequence of b-dilation periodic functions γm : R+ → C by
γm(x) = e
2πimx/(b−1) x ∈ [1, b) (1.1)
for each m ∈ Z. The functions γm are quite different from the usual complex exponentials
x 7→ e2πibmx and their dilates. E.g., while γm is continuous, it is only piecewise C∞ on R+
with discontinuity points of the derivative γ′m, m 6= 0, at the b-adic fractions bk, k ∈ Z.
The dilation-and-modulation system (MD-system) generated by hℓ ∈ L2(R+), ℓ = 1, . . . , L,
is a countable family of L2(R+) defined by:
MD({hℓ}Lℓ=1 , a, b) =
{
aj/2γm(·)hℓ(aj ·)
}
j,m∈Z,ℓ∈{1,...,L}
. (1.2)
If there is only one generator, i.e., L = 1, we write the MD-system as MD(h, a, b). A MD-
system is said to be rationally sampled whenever logb(a) ∈ Q. The objective of this note is to
show any MD-system with logb(a) ∈ Q is unitarily equivalent with a regular Gabor system
of the form
{
e2πimx gr(· − αk) : m,k ∈ Z, r = 1, . . . , R
}
in L2(R) for some constant α > 0 and
generators {g1, . . . , gR} ∈ L2(R) dependent on a, b, and h ∈ L2(R+). As a direct consequence,
most properties of interest, e.g., any basis or frame theoretical property, of MD(h, a, b) in
L2(R+) can be analyzed by Gabor theory of
{
e2πimx gr(· − ck) : m,k ∈ Z, r = 1, . . . , R
}
in
L2(R). Thus, while rationally oversampled systems MD(h, a, b) can be of practical impor-
tance, they should be considered as a variant of Gabor systems.
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The analysis of dilation-and-modulation systems in the literature [2–5] has so far been
restricted to the case of rational sampling logb(a) ∈ Q. Interestingly, the here presented link
to Gabor analysis seemingly breaks down when logb(a) /∈ Q.
2 Preliminaries
For a bounded function η ∈ L∞(R), the multiplication operator Mη on L2(R) is defined as
Mηf = ηf for f ∈ L2(R). For η(x) = e2πibx with b ∈ R, the modulation operator Mη
is by slight abuse of notation written Mb. For a > 0 and c ∈ R, the dilation operator
Da : L
2(R)→ L2(R) and translation operator Tc : L2(R)→ L2(R) are defined by:
Daf(x) = a
1/2f(ax) and Tcf(x) = f(x− c)
for x ∈ R, respectively. The multiplication and dilation operator on L2(R+) is defined similarly,
while the translation operator is undefined on L2(R+).
In terms of these operators, theMD-system (1.2) generated by h ∈ L2(R+) can be written
as
MD(h, a, b) = {MγmDajh}j,m∈Z . (2.1)
For α, β > 0 the (multi-window) Gabor system generated by the functions g1, . . . , gL ∈ L2(R)
is given by
G({g1, . . . , gL} , α, β) := {MβmTαkgℓ}k,m∈Z,ℓ∈{1,...,L} . (2.2)
The three cases αβ < 1, αβ = 1 and αβ > 1 are usually called oversampling, critically sampling
and undersampling, respectively, as these cases determine if sampling time-frequency shifts of
g ∈ L2(R) in phase space can lead to frame/complete systems. If αβ ∈ Q, the sampling is
said to be rational.
The “change of variables”-trick used to turn MD systems into Gabor systems relies on the
following function. Let ϕ : R→ R+ be a piecewise linear function interpolating the sampling
points (k, bk) for k ∈ Z. Explicitly, for each k ∈ Z, we have:
ϕ(x) = bk
(
(b− 1)x+ (1− (b− 1)k)) for x ∈ [k, k + 1) .
The slope of ϕ grows exponentially as ϕ′(x) = bk(b− 1) for x ∈ (k, k + 1) for every k ∈ Z. We
define the linear operator Dϕ : L
2(R+) → L2(R) by Dϕh =
√
ϕ′ · (h ◦ ϕ) for all h ∈ L2(R+),
that is, (Dϕh)(x) =
√
ϕ′(x) · h(ϕ(x)) for a.e. x ∈ R . By the change of variable formula,
the operator Dϕ is an isometry. As ϕ is a bijection, the operator Dϕ is a bijection and thus
unitary. Note that if ϕ is a linear, i.e., ϕ(x) = a x (defined either as a mapping R → R or
R+ → R+), then Dϕ is simply the dilation operator Da; the similarity of notation should not
lead to confusions.
Lemma 2.1. Let a, b > 1 be given such that logb(a) ∈ Q, and let q/p = logb(a) with p, q ∈ Z>0
being relatively prime. Then, as operators from L2(R+) to L
2(R), we have the commutator
relations:
DϕDasq = T−spDϕ (2.3)
DϕMγm = e
2πim/(b−1) MmDϕ (2.4)
for any s,m ∈ Z.
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Proof. Let h ∈ L2(R+). We first prove (2.3). By definition, for a.e. x ∈ R,
(DϕDajh)(x) = a
j/2ϕ′(x)1/2 h(ajϕ(x)) and (T−ℓDϕh)(x) = ϕ
′(x+ ℓ)1/2 h(ϕ(x + ℓ)),
for any j, ℓ ∈ R. Hence, setting j = sq and ℓ = sp, it suffices to show:
asqϕ(x) = ϕ(x+ sp) (2.5)
for x ∈ R and s ∈ Z.
Let s ∈ Z be given. For each k ∈ Z and any x ∈ [k, k + 1), we have
asqϕ(x) = asqbk
(
(b− 1)x+ (1− (b− 1)k))
and
ϕ(x+ sp) = bk+sp
(
(b− 1)(x+ sp) + (1− (b− 1)(k + sp)))
= bspbk
(
(b− 1)x+ (1− (b− 1)k)).
The proof of (2.5) is complete if asq = bsp for s ∈ Z, but this follows directly from q logb(a) = p,
i.e., aq = bp.
To see (2.4), we compute, for m ∈ Z and x ∈ [k, k + 1) (k ∈ Z),
γm(ϕ(x)) = γm(ϕ(x)/b
k)
= e2πim[(b−1)x+(1−(b−1)k)]/(b−1)
= e2πim(x−k+1/(b−1))
= e2πim/(b−1) e2πimx,
where we used the b-dilation periodicity of γm and that e
−2πimk = 1 for k,m ∈ Z. This, in
turn, proves (2.4).
There is a slightly delicate dependence on the dilation parameter in (2.3). Indeed, com-
mutator relations of the form DϕDas = TmDϕ, s,m ∈ R, are only true for the values of s and
m described in Lemma 2.1.
3 The equivalence of MD-systems and Gabor systems
A frame in a Hilbert space H is a countable family of vectors {fk}k∈I ⊂ H for which there
exist constants A,B > 0, called frame bounds, so that
A ‖f‖2 ≤
∑
k∈I
|〈f, fk〉|2 ≤ B ‖f‖2 for all f ∈ H.
The largest such constant A and smallest such constant B are called optimal frame bounds.
Definition 3.1. Two countable families {fk}k∈I and {gk}k∈I in Hilbert spaces H and K,
respectively, are said to be unitarily equivalent if there exists a unitary operator U : H → K
and unimodular constants ck such that gk = ck Ufk for all k ∈ I.
Basis and frame theoretical properties are preserved by unitarily equivalence, e.g., if
{fk}k∈I and {gk}k∈I are unitarily equivalent, then {fk}k∈I is a frame (or Riesz basis) pre-
cisely when {gk}k∈I is a frame (or a Riesz basis), and the optimal frame bounds are the
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identical. Hence, from a frame theoretical point-of-view two unitarily equivalent systems are
identical objects.
We write q/p = logb(a) ∈ Q with p, q ∈ Z>0 relative prime. For any h ∈ L2(R+), it follows
by Lemma 2.1 that
DϕMγmDajh = DϕMγmDasqDarh = e
2πim/(b−1) MmT−spDϕDarh (3.1)
for any j,m, s ∈ Z, where j = sq + r with remainder r ∈ {0, 1, . . . , q − 1}. From (3.1) it is
straightforward to prove the following equivalence.
Theorem 3.2. Let a, b > 1 be given such that logb(a) ∈ Q, and let q/p = logb(a) with
p, q ∈ Z>0 being relatively prime. Suppose h ∈ L2(R+). Then the following systems are
unitarily equivalent:
(i) The dilation-and-modulation system MD(h, a, b) in L2(R+)
(ii) The (multiwindow) Gabor system G({g1, . . . , gq}, α, β) in L2(R), where α = p, β = 1 and
gr = DϕDarh for r = 0, 1, . . . , q − 1,
Proof. The unitary equivalence follows immediately from (3.1) by, in Definition 3.1, identifying
the unitary operator U : H → K as Dϕ : L2(R+) → L2(R), the vectors as f(j,m) = MγmDajh
and g(j,m) = MmT−sp(DϕDarh), and the unimodular constants as c(j,m) = e
2πim/(b−1) for
(j,m) ∈ I := Z× Z, where j = sq + r with r = 0, . . . , q − 1.
Remark 3.3. It is straightforward to extend Theorem 3.2 to MD-systems with multiple gen-
erators MD({hℓ}Lℓ=1 , a, b). In this case, the corresponding Gabor system simply becomes
G({g1,1, . . . , gL,q}, p, 1) with Lq generators given by gℓ,r = DϕDarhℓ for r = 0, 1, . . . , q− 1 and
ℓ = 1, . . . , L.
The Gabor system G({g1, . . . , gq}, p, 1) in Theorem 3.2(ii) is integer undersampled by a
factor p, but has q generators:
g1 = Dϕh, g2 = DϕDah, · · · gq = DϕDaq−1h. (3.2)
In Gabor analysis this is a rather unusual form of the Gabor system, but one should recall
that even the standard rationally oversampled Gabor system G(g, α, β), αβ = p/q ∈ Q, can
be written as integer undersampled by a factor p with q generators since G(g, α, β) is unitarily
equivalent (by Dβ) to:
G(D1/βg, p/q, 1) =
{
MmTpk/qD1/βg
}
k,m∈Z
= {MmTpkg˜r}k,m∈Z,r∈{0,1,...,q−1} ,
where
g˜r = TrD1/βg for r ∈ {0, 1, . . . , q − 1}. (3.3)
For more information on Gabor analysis and, in particular, the results mentioned in the
discussion below, we refer to the standard text [1].
The theory of MD-systems developed in [2–5] is very reminiscent of corresponding theory
in Gabor analysis, and Theorem 3.2 provides a clear link between the two. Let us here restrict
ourselves to a few examples of how Theorem 3.2 can be used to recover results from the theory
of dilation-and-modulation systems.
From the Density Theorem in Gabor analysis together with Theorem 3.2, it follows that
logb(a) ≤ 1 is necessary for the frame property, in fact, even for completeness, of rationally
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sampled dilation-and-modulation systems MD(h, a, b). This recovers the density result of
MD-systems proved in [2].
The case logb(a) = 1, i.e., a = b, corresponds to critically sampling of the dilation-
modulation systems studied in [3–5]. Indeed, since a = b corresponds to p = q = 1 and
α = β = 1, the unitarily equivalent Gabor system in Theorem 3.2(ii) becomes
G(Dϕh, 1, 1) = {MmTs(Dϕh)}m,s∈Z ,
Hence, from well-known results in Gabor analysis on critically sampled Gabor system, it follows
that the frame property of MD(h, a, a) automatically implies that the MD-system is, in fact,
a Riesz basis; see [4, 5] for the direct proof in case of MD-systems.
Theorem 3.2 can also be used to obtain new results on MD-systems. E.g., a Balian-Low
type-theorem for MD-systems is straightforward to formulate. From Theorem 3.2, it follows
directly from the classical Balian-Low theorem in Gabor analysis that ifMD(h, a, a) is a frame
(hence a Riesz basis) for L2(R+), then the time-frequency uncertainty of g := Dϕh ∈ L2(R)
is infinite, i.e.,(∫ ∞
−∞
|x− u|2 |g(x)|2 dx
)
·
(∫ ∞
−∞
|ω − η|2 |gˆ(ω)|2 dω
)
=∞, for any u, η ∈ R.
The infinite uncertainty product of Dϕh ∈ L2(R) translates into restrictions on h in L2(R+).
However, in the case of rational oversampling, i.e., Q ∋ logb(a) < 1, not all results from
Gabor analysis can be directly transferred to dilation-and-modulation systems. This holds, in
particular, for concrete examples of frames. E.g., it is, in general, not possible to construct
an MD-frame from an arbitrary rationally oversampled Gabor frame for L2(R), the reason
being that the (multiple) generators of the Gabor systems in Theorem 3.2(ii) are required to be
dilated versions of each other, compare (3.2) to (3.3), which is a highly non-standard restriction
in Gabor analysis. Finally, we remind the reader that the presented link by Theorem 3.2
seemingly breaks down whenever logb(a) /∈ Q.
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